In this work we consider the time evolution of charged Renyi entanglement entropies after exciting the vacuum with local fermionic operators. In order to explore the information contained in charged Renyi entropies, we perform computations of their excess due to the operator excitation in 2d CFT, free fermionic field theories in various dimensions as well as holographically. In the analysis we focus on the dependence on the entanglement charge, the chemical potential and the spacetime dimension. We find that excesses of charged (Renyi) entanglement entropy can be interpreted in terms of charged quasiparticles. Moreover, we show that by appropriately tuning the chemical potential, charged Renyi entropies can be used to extract entanglement in a certain charge sector of the excited state.
Introduction and Summary
Measures of entanglement in field theories provide a zooming glass that can detect new phases of matter or count degrees of freedom out-of equilibrium [1, 2, 3] . Conformal field theories (CFT) are, on the other hand, perfect testing grounds where one has analytic control over reduced density matrices what helps to understand the structure of entanglement at criticality [4, 5] . In addition, via holography, CFTs at large central charge are dual to asymptotically Anti-de Sitter (AdS) spacetimes [6] where the celebrated Ryu-Takayangi formula [7] reproduces the von-Neumann entropy.
Particularly useful measures of entanglement are provided by Rényi entanglement entropies (REE). For two regions A and B, in state ρ and a factorized Hilbert space H = H A ⊗ H B , one can define them for a reduced density matrix ρ A = Tr H B ρ as where the integer power n ≥ 2. From the family of all the REE we can extract the spectrum of the reduced density matrix but entropies for fixed n are also interesting on their own, like e.g. purity for n = 2 that might be turned into experimentally measurable quantities [8] . Finally, analytically continuing to non-integer n and taking n → 1 yields the celebrated von-Neumann entropy.
Based on the local quench protocol in CFTs [9, 10] , it was demonstrated [11] that REEs are very useful in exploring entanglement also in excited states. More precisely, in a class of excited states obtained by acting with local operators on the CFT vacuum, the real time evolution of the change (with respect to the vacuum) in Rényi entanglement entropies ∆S (n) A can be used to characterize the operators from the perspective of quantum entanglement.
An extensive study of ∆S (n)
A in free field theories as well as minimal models shows that REEs approach to a constant that can be interpreted in terms of the quasi-particle picture [12, 13] . On the other hand, in the limit of large central charge the entropies grow logarithmically with time in a universal fashion [14] . Some further results were obtained and extensively discussed in [15, 16] .
In quantum field theories, the presence of global conserved charges provides us with more parameters to tune when probing the system. It is then desirable to have appropriate quantum information measures sensitive to these charges in the entangled state. In fact, such charged Rényi entanglement entropy (CREE) was proposed in [17] . It is defined as follows. If a theory has a global symmetry, a charge Q can be defined. Subsequently, an entanglement charge localized in the subsystem A is denoted as Q A . On general grounds, a modular Hamiltonian H mod can be associated with the reduced density matrix as
Now, by taking the entanglement charge Q A into account, similarly to the grand canonical ensemble, a CREE is defined with respect to the charged reduced density matrix Analogously to the (uncharged) Rényis, we can continue to the (charged) von-Neumann limit.
So far, CREEs have only been studied in the CFT ground states [18, 19] and we are only beginning to explore their properties and useful informations that they are sensitive to. To push this program further, in this work we will perform various computations, in CFTs in two and higher (even) dimensions as well as holography, on how CREEs evolve in time after local fermionic operator excitations. Before that, we first briefly review our setup and summarize the results below.
Our setup
We consider excited states obtained by acting on the vacuum with local operators in free massless fermionic CFT in D dimensional flat spacetime with Lorentzian signature. We choose half of the total space at (t = 0, x 1 ≥ 0) as the subsystem A and insert the local operator at distance l from A at time t = −t (see Figure 1 ). The pure excited state is then defined as |Ψ = N O(−t, −l, x) |0 , (1.5) where N is the normalization constant such that the total density matrix ρ = |Ψ Ψ| has a unit norm Tr(ρ) = 1 and x = (x 2 , · · · , x D−1 ) denotes the spatial coordinates perpendicular to the x 1 . Tracing out the degrees of freedom in B (the complement of A) we obtain the reduced density matrix ρ A = Tr B ρ of the sub-region A.
Using the replica trick, we can compute the change (with respect to the vacuum) in the Rényi as well as the charged Rényi entanglement entropies of A due to the local operator excitation. They can be written in terms of the ratio of the 2n-point correlator on n-sheeted surface Σ n with cuts corresponding to A to the n-th power of the two-point function on a single sheet surface Σ 1 [15] ∆S (n),c A 6) where local operators are inserted periodically as in Figure 2 and θ k = θ + 2(k − 1)π, θ k 2 = θ 2 + 2(k − 1)π and k = 1 ∼ n (k ∈ Z). The difference between the standard Rényi entropies and the charged Rényi entropies is encoded in the action that computes the expectation values. Namely for charged Rényi entropies the action will be deformed by the appropriate charges associated with A. In our computations below we will then be interested in how ∆S (n),c A depends on the real time as well as the space-time dimension and the charge.
Summary
Let us briefly summarize our computations and main results. Our first important result, is the determination of the twisted and untwisted fermionic propagators on Σ n in even dimensions. This allowed us to compute the excess in Rényi entanglement entropies in even dimensions and fix the dependence of the algebra of fermionic quasi-particles on the spacetime dimension (accomplishing the work started in [15] ).
Moreover, using 2d CFT, the twisted propagators in four dimensions, the effective quasi particle description in arbitrary even dimensions as well as holography, we have managed to compute several examples of the change in CREEs. This important data gives us a lot of useful information about CREEs, how they evolve and depend on the charges. We were also able to interpret these results in terms of the charged fermionic quasi-particles that emerge as an effective, fine grained picture for local excitations as seen by CREEs.
In this work, we especially focus on the dependence of CREEs on the modular chemical potential α in states excited by simple examples of fermionic e.g.ψψ and ψ † ψ. We found that forψψ CREEs decrease when the modular chemical potential increases. On the other hand, for ψ † ψ they initially increase at certain values of α and after they decrease. In both cases, increasing the potential, eventually brings CREEs to the value corresponding to a certain (dominant) charged sector. This property of CREEs is very similar to quantum information operations that through particular gates can access only a certain type of information from a quantum state. We believe that these features of CREEs may find important applications in the study of quantum entanglement in field theories.
We have computed CREEs in free fermions in the adjoint representation of U(N) and studied in detail the dependence on N, the modular chemical potential α, the spacetime dimension D and the replica number n. In the large N limit entanglement in the "singlet sector" of the excited state seems to be enhanced. On the other hand, the large α CREEs have access to the internal "quark" sectors of the quantum state.We have also noticed certain curious issues with the order of limits. In D = 2, after taking the large N limit, the von Neumann limit (n → 1) cannot be taken. On the other hand, in D = 2 the limit n → 1 can be taken after first taking the large modular chemical potential.
Last but not least, we studied the late time values of ∆S (n),c A holographically for n ≥ 2. In dimensions higher than 3 and in the approximation of the small modular chemical potential we have fund results consistent with [14] and the logarithmic growth with time but in a slightly modified way that depends on the charge. In addition, we found that in 3 dimensions with more analytic control, in a certain setup resembling the CREEs, the change in ∆S (n),c A can approach to a constant at late times. This paper is organized as follows. We begin section 2, by defining CREE and how to compute them using the replica trick. We find the relevant propagators that we employ in section 3 to compute REEs and determine the spacetime dependence of the quasi-particles that reproduce late time values of REEs in free fermionic theories. In the section 4, we finally compute and study the evolution and properties of ∆S (n),c A in various free fermionic field theories in even dimensions and holography in section 5. We finish with conclusions and discussion in section 6 and several relevant details and examples are included in four appendices.
(Charged) Rényi entanglement entropies
We start by explaining in detail the definition and how to compute charged (Rényi) entanglement entropy (CREE) in free fermions using replica trick.
We consider a quantum field theory with global symmetries and corresponding conserved charges. In the computation of CREEs, we pick a spatial subsystem A and its complement B in a total pure state excited by the local operator. We ignore the degrees of freedom in B by tracing them out to obtain the reduced density matrix ρ A . Q A is then defined as the (remaining) charge that is contained in the subsystem A. The charged reduced density matrix ρ c A is by definition [17] 
where α is a modular chemical potential which in general can be real or purely imaginary. CREEs are defined for an integer n ≥ 2 as REEs for the charged reduced density matrix
can be computed using the replica trick generalizing [5] . In the path integral formalism, the effect of the modular chemical potential is captured by a Wilson line which encircles the entangling surface as in Figure 3 . The main quantity that we aim to compute is then the excesses of CREE of the subsystem A due to the local fermionic operator
where S (n),c A,EX and S (n),c A,0 are CREEs of A in the locally excited state and the ground state respectively. As explained in the introduction, we study the real time dynamics of the excesses of CREE in the locally excited excited state. Our state is defined in flat space with Lorentzian signature and we follow the algorithm from the local quenches [9] . We add e −i2πα E Q A to the reduced density matrices where α E is a real number. Namely, we first compute ∆S (n),c A by the replica trick in the Euclidean space. Then, after computing the Green's function on the n-sheeted geometry Σ n , we perform an analytic continuation to real time and change from pure imaginary chemical potential −iα E to real chemical potential α, as we will also explain in more detail later 1 .
1 The results for pure imaginary modular chemical potential are also presented in Appendix C Clearly, if we take the chemical potentials to zero, all the above definitions and derivations for CREE reduce to the standard REE.
The replica trick
We start with the Euclidean signature and add e −2πiα E Q A to the reduced density matrix. Moreover, we assume that 0 < α E ≤ 1 2 . As a result, in the path integral, we introduce a Wilson line encircling entangling surface with a constant real gauge field from the imaginary chemical potential. Then, the action with which we compute CREEs with an imaginary entanglement chemical potential is given by
where Γ 1 = iγ t and the second term is just a convenient rewriting of the (fermionic) charge Q A . In the following it is convenient to use the symmetry under the unitary redefinition as well as the local Lorentz transformation of the fermionic field. The fermion field can be rewritten as ψ(r, θ, 5) what brings the replica action to
After performing the transformationψ = e
where Γs in radial coordinates are given by
Finally, from this action, the Green's function for ψ ′ can be written as a certain differential operator acting on a scalar function G
In addition, we impose a boundary condition for fermions as follows
where B is given by 11) that in the original fermion corresponds to ψ(r, θ + 2nπ) = −ψ(r, θ). (2.12)
Propagators
In this subsection, we compute the Green's function for ψ ′ [20] in 4 dimensions. The function defined in (2.9) obeys the following equation of motion 13) and consequently, G(θ − θ 2 ) is a solution of
Both functions satisfy the same boundary conditions
We decompose B into an integer and fractional parts 2nπB = 2π(m + α r ), (2.16) where m ∈ Z and 0 < α r ≤ 1 3 and the propagators only depend on α r . Specifying to D = 4, the propagator is given by
where t 0 is defined by
The untwisted Green's functions (α E = N n , N ∈ Z, 0 < N ≤ n) 4 reduce to those for REEs. Then the propagators S are simply obtained by applying the appropriate differential operator from the definition (2.9).
3 Here a r is given by α r = 2nαE −n+1−2m 2 4 The boundary conditions for even or odd n correspond to α r = 1 2 or α r = 0 respectively.
Finally, we perform an analytic continuation of the propagators in the Euclidean space to the Lorentzian signature. More precisely, the two local operators that appear in the reduced density matrix ρ A are located as in Figure 4 . Therefore, the analytic continuation that yields the time dependent REEs and CREEs is given as follows [11] 19) where in the Lorentzian signature ǫ is a cutoff parameter which regulates the divergence of the norm Ψ|Ψ of our locally excited state |Ψ . The relevant Lorentzian propagators can be found in Appendix A.
In the next section, before computing charged Renyi entropies, we first use the untwisted propagator to analyze REEs. This will allow us to determine the dependence on the spacetime of the effective quasi-particle picture that we will later use to obtain CREEs in section 4.
∆S (n)
A and dependence on spacetime dimension
As explained earlier, authors in [15] pointed out that anti-commutation for entangled particles depends on the spacetime dimension. In this section, we study it in detail. First we study ∆S
(n)
A for ψ a ,ψψ and ψ † ψ in D = 6, 8 dim. spacetime by using propagators which are listed up in Appendix A 5 .
5 In even dimension, green functions can be computed analytically. In D = 2, 4 ∆S (n)
A have been already computed by the authors in [15] .
∆S (n)
A for ψ a ,ψψ and ψ † ψ Here we study ∆S (n)
A for ψ a ,ψψ and ψ † ψ in 6 and 8 dimensions by using the analytically continued propagators from Appendix A. After taking ǫ → 0, we also take the late time limit (t ≫ l). The computations are based on a straightforward application of Wick contractions so we only present the results for ∆S (n) A in Table 1 . A for |Ψ = N O |0 in 6 and 8 dimensions.
Next we would like to interpret these results in terms effective density matrices for fermionic quasi-particles. We closely follow [15] where this was derived in 2 and 4 dimensions and we obtain density matrices listed in Table 2 .
where p 1 = diag 
Then ∆S (n)
A in Table 1 can be reproduced from these effective density matrices by simply computing
In the next subsection, we will study how these density matrices and ∆S
(n)
A depend on the spacetime dimensions.
The algebra of fermionic quasiparticles
Here we interpret the results in the previous subsection in terms of quasi-particles (entanglement particles) (as in [15] ) and fix its dependence on the spacetime dimensions.
The vacuum is defined by
The anti-commutation relation for them is given by
where c g depends on the spacetime dimension. The γ t γ 1 dependence in (3.5) comes from the propagation of fermions and the fact that this influences the probability of (anti-)particles to be in A and B at late time. To reproduce the result in the previous section, c g needs to be taken as in Table 3 . Here D is the spacetime dimensions. For general even spacetime dimension D, from the result in Table 3 , c g is expected to be
where l C k is the binomial coefficient 6 .
6 c g can be rewritten by
A physical interpretation of c g
Here we would like to interpret the coefficient (c g ) of γ t γ 1 . It is defined in even dimensions and depends on D. The probability of (anti-)particles' existence in A or B at late time is computable by using the anti-commutation in (3.5) . Therefore, the term c g γ t γ 1 is related to the propagation of the (anti-)particles which are created by local operators. In even dimension D = 2p (p ∈ Z), fermions can be represented in the terms of p spins' eigenvalues. One of them can be chosen by that of γ t γ 1 . It determines how likely (anti-) particles are contained in A or B at the late time. On the other hand, the other eigenvalues do not affect this probability for (anti-)particles to be A or B at late times. After fixing the direction of spin for γ t γ 1 , ψ a can be written by the linear combination of ψ a which are labeled by q − 1 eigenvalues,
where ↑, ↓ represent eigenvalues of spins except of γ t γ 1 . The result in (3.6) can be interpreted as follows. The field which has l negative eigenvalues can be written by
. ψ a is approximately given by the sum of them such as
The field which has the same number of negative values can contribute to the probability of (anti-)particles in A or B at the late time equally. Then the binomial coefficient included in c g is expected to come from the number of Ψ a (γ t γ 1 , l, p − 1 − l). Therefore square of binomial coefficient appears in c g . As explained above, the coefficient of γ t γ 1 is expected to depend on how to divide the total system into A and B. If another shape is taken as the subsystem A (for example, x 1 ≥ 0, x 2 ≥ 0), the dependences on other spins (for example γ t γ 2 ) are expected to appear in c g . Here we assume that the volume of the subsystem A is infinite.
The excess of charged (Rényi) entanglement entropy
In this section we study ∆S (n),c A for a locally excited state in free massless fermionic field theories. As explained above, their late time values can be reproduced from a quantum state in an effective Hilbert space for quasi-particles which are created by local operators. Those entanglement entropies on the effective Hilbert apace are finite. Therefore it is expected that studying ∆S (n,)c A for the locally excited state helps us to understand the properties of CREEs as well as the charge carried by the quasi-particles.
First we study ∆S (n),c A in 2d massless free fermion in 2d CFT and interpret the results in terms of charged quasi-particles. Next, we consider ∆S (n),c A in 4d free massless fermionic field theory using twisted propagators and also the effective quasi-particle picture. Finally, we generalize the computation to free fermions with U(N) symmetry in even D dimensions.
2d CFT: massless free fermions
We start by considering a Dirac fermion (or two Majorana fermions ) ψ = (ϕ,φ)
T (and the Dirac conjugateψ = (φ,φ)), where ϕ andφ (φ andφ ) is the combination of Majorana-Weyl fermion ψ 1 (z) and ψ 2 (z) (ψ 1 (z) andψ 2 (z))
This system has a U(1) global symmetry ϕ → e iθ ϕ (φ → e −iθφ ) and we choose the charge for this symmetry as Q A . In the following we employ the bosonization
where each of H(z) and H(z) is the chiral and anti-chiral part of φ(z,z). Now, let us compute the second CREE for the case of local operator O =
In the fermion language, this operator corresponds the Lorentz invariant operatorψψ . The correlation function on Σ 2 is given by
Here w 5 = 0 and w 6 = L are the branch points and finally we take the limit of w 6 → ∞ because we are interested in the case that A is a half line. Then we map the 2-sheeted surface Σ 2 to a complex plane Σ 1 by the conformal transformation z 2 = w/(w − L). The operator e ±iαφ(w i ) represents the existence of flux. We need to treat the twist operator e ±iαφ located at the branch point carefully. First, these operators are inserted at singular points, the conformal factor |dw/dz| diverges. But these factors are cancelled by conformal factor from normalization part. Second, we need to treat the chemical potential α carefully. Because we introduced these operators to represent the flux corresponding to the chemical potential, they also need to reproduce the correct monodromy. If we go around the twist operator once in Σ 1 , we go around twice in Σ 2 , and the operator gets the monodromy transformation e ±iH(z) → e ±2αi e ±iH(z) . To reproduce this condition, we need to change the flux α to 2α. Taking these into account, the correlation function on Σ 2 can be expressed as follows:
Using Appendix B, we can compute the ratio of propagators
with µ(w i ) = e iαφ (w i ) andμ(w i ) = e −iαφ(w i ) . Then, if we take the limit of ǫ → 0 , we can get the early and late time values of CREE. However, we need to take care of the complex coordinates z andz separately since, after the analytical continuation to real time (or in the Lorentzian regime), they are not just complex conjugates of each other. The coordinates of operators (after the mapping w = f (z)) z 1 , · · · , z 4 are
We take the branch as follows
and then , if l < t < L there should be a phase factor
so we need to take these phase factors into account (there are no phase factor forz 1 ). Namely, in the range of l < t < L,
Finally, from these results, the excess of 2nd charged Rényi entropy is given by
In the next subsection we provide a physical interpretation of this result in terms of charged quasi-particles.
Particle interpretation
In [11] , it was shown that (Rényi) entanglement entropy for excited states by local operators can be understood as the entropy of quasi-particles created by the local operator. We can also see that the above result can be understood as CREE of a charged quasi-particles created by the operator O. In the case of O = 1/ √ 2(e iφ + e −iφ ), we define a state
such that the reduced density matrix becomes
Now, we define the charge operator as
Then, the charged Rényi entropy becomes
If we substitute q = 2π and n = 2, the value of charged Rényi entropy in the quasi-particle state reproduces the answer from the replica computation in 2d CFT. Moreover, we can also get the charged Rényi entropy for real chemical potential
This can be obtained by the analytic continuation from (4.19) around α = 0. As functions of entanglement chemical potential, charged entanglement entropy and charged Rényi entropy behave as in Figure 5 . The important point is that in |α| → ∞ limit CREEs vanish. This is because for the real entanglement chemical potential, only one of the charged sectors: |q A or |−q A , essentially contributes and the state is seen by CREEs as effectively not entangled.
Free fermions in 4 dim.
In this subsection, we study the time evolution for the excesses of ∆S (n),c A in 4d massless free fermionic field theory using twisted propagators explained in Appendix A. We add real modular chemical potential to the reduced density matrix. For that, we first we compute To illustrate the properties of ∆S (n),c A , we consider states excited by three simple fermionic operators: a component of Dirac fermion ψ a , a Lorentz scalarψψ (whereψ = iψ † γ t ) and ψ † ψ. As we will see, their properties under Lorentz transformations also play an important role from the perspective of (charged) quantum entanglement.
In the region 0 < t < l, ∆S (n),c A vanish for all of the operators. This is consistent with the propagation of the quasi particles that by that time are still in the traced-out region. On the other hand, for times t ≥ l, ∆S (n),c A shows the initial growth with time and finally saturates to a constant values for the late time (t ≫ l). The initial growths with time, as well as the late time constants are different for each operator and we list them in Table 4 and Table 5 respectively.
Next, we interpret the time evolution and the late time values of ∆S (n),c A in these tables in terms of charged quasi-particles.
Particle interpretation
Here we interpret the evolution of ∆S (n),c A from the previous section in terms of quasi-particles. We decompose ψ a , ψ † a andψ a into right and left movers respectively as in (3.2) and define states in the effective Hilbert space by acting with such decomposed operators. At the late time, we assume that the degrees of freedom of the left and right movers are identified with the degrees of freedom in B and A respectively. In 4d, anti-commutation relations for the left and the right movers are given by (3.5) with c g = 1 2 . Then, the reduced density matrix 
is defined by
where Tr A ρ A = 1. The reduced density matrices ρ p A , ρ bp A , ρ dp A for ψ a ,ψψ, ψ † ψ are then computed as in [15] and are listed in Table 6 .
In the free massless fermionic field theory, we have a U(1) global charge. Therefore an entanglement charge Q A can be defined by the charge included in the region A. The charged reduced density matrix ρ c A is defined by
where ρ A is defined in (4.21) and Tr A ρ c A = 1. The dependence of operators on Q A are given by
where we assume that the subsystem A is x 1 ≥ 0. We also assume that γ t γ 1 = diag(1, −1, 1, −1) for simplicity. The reduced density matrices ρ p,c A , ρ bp,c A and ρ dp,c A are listed in the Table 6 . If 
. ρ A was obtain by authors in [15] . The probabilities C, D and E are listed up in Table 7 . we compute ∆S (n),c A by using the reduced density matrices in the Table 6 , they are consistent with those in the Table 5 .
If we take the von Neumann limit n → 1, ∆S c A for ψ a ,ψψ and ψ † ψ are respectively given by 24) where the functions F i are given by In the large |α| limit, ∆S (n),c A for ψ a ,ψψ and ψ † ψ eventually approach a certain value. They are listed in Table 8 . These results show that the dependence of ∆S It is one of the interesting future problems.
Next, we consider the behavior of ∆S (n),c A in the large |α| limit.
A limit of large modular chemical potential
Here, we focus on the behavior of ∆S (n),c A in the large |α| limit, which, as we will see, can be used to extract entanglement in a certain charged sector.
If we consider large modular chemical potential (α → ±∞), we can easily extract CREEs e.g. ∆S ψ † ψ log 4 log 4 log 4 us explain this behavior for each of the operators. First, if we take the α → ±∞ limit for operator ψ a , ∆S (n),c A reduce to that for product state ψ R † a |0 R (or |0 R ) and vanishes. Ifψψ acts on the ground state, in the large modular chemical potential limit, the reduced density matrix becomes
27)
7 However it is difficult to compute the maximal value of ∆S where
(4.28)
Therefore ∆S c A corresponds to the answer in a given charge sector and therefore in the large α limit, entanglement in a particular charged sector can be extracted. Finally, in the large |α| limit, the reduced density matrix for ψ † ψ is given by
where
Therefore ∆S c A for the large α is given by that for the maximally entangled state in a certain charged sector. This way, we can extract quantum information in a particular charged sector by turning the large modular chemical potential α. In the large modular chemical potential limit e 2παQ A acts on the ground state as projection operator which extracts the effect of some sectors. It is also worth noting that without the modular chemical potential, ∆S c A forψψ is greater than that for ψ † ψ. On the other hand in the large α limit, ∆S c A for ψ † ψ overwhelms that for ψψ. This is another new feature of the CREEs that was not present in REEs.
D-dimensional free-fermions in the adjoint of U (N )
In this subsection, we generalize the setup to the D dimensional free massless fermion with U(N) symmetry in the Lorentzian signature,
where ψ is the adjoint fermion. Here we consider ∆S (n)
A for (ψ a ) l k , Tr ψ ψ and Tr ψ † ψ . In D dim. U(N) free massless fermionic field theory, fermionic fields are decomposed into the left and right moving modes as in (3.2) and anti-commutation relation for them are imposed as follows,
where c g is defined by (3.6).
Let's derive ∆S (n)
A and ∆S
∆S (n)
n log 2 Here we study ∆S Table 9 8 . ∆S A and ∆S Table 10 .
The results in the Table 9 and 10 show that ∆S 
(1−(γ t γ 1 ) aa ) where
(1−c 2 g ) sinh 2πα F2 log 2 where in the large N or α limit. First let's study them in the large N limit. After that, let's study them in the large α limit.
Large N Limit

Here we consider ∆S (n)
A for Trψψ and Trψ † ψ in the large N limit. When D = 2, ∆S
A for Trψψ in the large N limit are given by
(4.33)
On the other hand, ∆S (n)
A for Trψ † ψ in the large N limit are given by
where ∆S (n≥2) A are consistent with the results in [15] for D = 4. In the large N limit, ∆S A for Trψ † ψ is smaller than ∆S A for Trψ † ψ. In both case, the coefficient of log N depends on c g . Then it depends on spacetime dimension D.
For D = 2, ∆S
(n)
A for Trψψ is given by
As in Table 9 and 10, ∆S For Trψψ and Trψ † ψ in D > 2, von Neumann limit (n → 1) can not be taken after taking the large N limit. However in D = 2 for Trψψ and Trψ † ψ von Neumann limit (n → 1) can be taken after taking the large N limit. As explain later, in D = 2 case there is only one sector where components of the reduced density matrix equally depend on N. Then n → 1 limit can be taken after taking N → ∞.
We would also like to study ∆S (n),c A in the large N limit. First let's consider ∆S (n),c A for Trψψ. In the limit N → ∞ for D = 2, they reduce to
The results in (4.37) show that after taking N → ∞, von Neumann limit can not be taken for ∆S for D = 2 in the large N limit do not depend on the modular chemical potential. On the other hand, the coefficient of log N in D = 2 depends on the modular chemical potential α. In the next subsection, we would like to explain how the coefficient of log N depends on α.
In the limit N → ∞, ∆S
do not depend on α and N and they are given by (4.36)
Large α limit
Here we would also like to study ∆S (n),c A in the large modular chemical potential limit (|α| → ∞) in stead of taking the large N limit.
If we take the large α limit, ∆S (n),c A for (ψ a ) i j vanish because the locally excited state reduces to a product state in the large α limit. In 2 dim. spacetime, if taking |α| → ∞ limit, ∆S where n is an arbitrary integer. They are can be identified as (Rényi) entanglement entropy for a maximally entangled state in a certain charged sector. In even higher dimension (D > 2), if taking the same limit, ∆S (n),c A for Trψψ reduce to As explained earlier, they can be interpreted as a maximally entangled state in a certain charged sector. Unlike the large N limit, if taking the large α limit, entanglement in "quark" sector such as ψ a i j is partially enhanced. Even after taking the large α limit, von Neumann limit can be taken. Therefore the large N limit is totally different from taking the large modular chemical potential limit. In the large α limit in D = 2, ∆S for Trψ † ψ is greater than that for Trψψ in the large |α| limit for D > 2. In the next subsection, let's interpret their dependence on α and N.
Dependence on N and α
We discuss the dependence of ∆S A is given by O(1) in the large N limit. It can be interpreted as entanglement between the singlets (for example, |T rφφ ) since contribution from entanglement in "quark" sector such as |(φ) a b is suppressed in the large N limit. They found that the next leading correction is given by O(N 2(n−1) ). Therefore we have to take the von Neumann limit n → 1 before taking the large N limit.
However for Trψψ and Trψ † ψ the von Neumann limit n → 1 can be taken even after taking the large N limit in the case of D = 2. The components of the reduced density matrix forψψ are given by (ψ) . They depend on entanglement charge. Therefore its charge reduced density matrix is given by
where 1 N 2 ×N 2 is the N 2 × N 2 identity matrix. There are no singlet sectors. The effect of N 2 "quarks" is not suppressed in the large N limit. Therefore even after taking the large N limit, the von Neumann limit can be taken. for the maximally entangled state on the effective Hilbert space whose dimension is N 2 . The components of the reduced density matrix for Trψ † ψ is given by |0 0| and Trψ † ψ Trψ † ψ . They do not depend on entanglement charge. Therefore its charged reduced density matrix is given by † ψ. Although the von Neumann limit can be taken in the 2 dimensional free massless fermionic field theory, we can not taking the von Neumann limit (n → 1) after taking large c limit in the specific interacting theories even in D = 2 as in [14] .
For D > 2, the components of the reduced density matrices for Trψψ and Trψ † ψ necessarily include those in the singlet sector and quark sectors. Entanglement in quark sector is suppressed in the large N limit. Therefore the von Neumann limit n → 1 has to be taken before taking the large N limit when we compute ∆S . As well as we study, the modular chemical potential enhances the effect of entanglement in quark sector in the large α limit. On the other hand, the parameter N enhances that of entanglement in the singlet sector for ∆S (n≥2),c A and ∆S (n≥2) A in D = 2. After taking the large N limit, the von Neumann limit can not be taken. On the other hand, even after taking the large α limit, von Neumann limit can be taken because there are not O(e 2(n−1)πα ) correction. As in (4.33) and (4.34), in the large N limit ∆S for Trψ † ψ is greater than that for Trψψ 9 . In this sense, taking the large N limit is totally different from taking the large |α| limit.
In the end of this section we study the time evolution of ∆S (n),c A in 4 dimensional space time without U(N) symmetry.
for Trψψ is greater than that for Trψ † ψ in both limits.
Time evolution of CREEs
In this subsection, we study the time evolution of ∆S (n),c A in 4 dimensional space time without U(N) symmetry. Here for simplicity we consider ∆S (2) ,c A for ψ a ,ψψ and ψ † ψ. The time evolution of ∆S (2) ,c A for ψ a ,ψψ and ψ † ψ is plotted in Figures 8 and 9 and 10 respectively. We especially consider the behavior of ∆S (2) ,c A forψψ and ψ † ψ. When α is small (|α| ∼ 0) or large (|α| → ∞), it can be interpreted physically.
In the former case, the time evolution of ∆S (2) ,c A forψψ, and ψ † ψ is similar to that of ∆S (2) A for them. Therefore it can be interpreted similarly to ∆S On the other hand, in the later case, entanglement between (anti-)particles in a certain charged sector can only contribute to ∆S (2) ,c
A . Here we assume that γ t γ 1 is given by diag (1, −1, 1, −1 ) for simplicity and also assume that even unless taking late time limit, the reduced density matrices for ∆S (2) ,c A can be written by
where ρ bp,c
A and ρ dp,c A respectively correspond to the charged reduced density matrices forψψ and ψ † ψ. We also assume that i P i = iP i = 1. In both case, the behavior of ∆S (2) ,c A can be interpreted in the same way. Therefore we consider ∆S (2) ,c A for onlyψψ. If the limit α → ∞ is taken, entanglement between two componentsψ a can only contribute to ∆S (2) ,c A forψψ at t = l. Therefore although only P 1 does not vanish before t = l, only P 3 or P 5 can be none-zero at t = l. Because we assume that γ t γ 1 = diag(1, −1, 1, −1), only one of them does not vanish at t = l. Then ∆S (2) ,c A suddenly increases at t = l as in 2d CFT. ∆S (2) ,c A is given by log 2. However in this case entanglement between the residual two components ψ a can contribute to ∆S (2) ,c A after t = l. Therefore ∆S (2) ,c A keeps to increase after t = l and approaches the late values in the limit α → ∞, which are obtained in the previous subsection. The time evolution of ∆S (2) ,c A for ψ † ψ can be interpreted in the same way. The time evolution of ∆S (2) A outside the region where we study is interesting because the structure of entanglement between all sectors is deformed by charge chemical potential. The effect of entanglement in some sector is partially enhanced and that of entanglement in other sector is partially suppressed. Then the effect of the modular chemical potential can compete with the original features of operators. The Figure 9 and 10 show that ∆S (n),c A can have a peak in this region. To study it is one of the important future problems in order to study features of charged (Rényi) entanglement entropy. . The purple line corresponds to α → ∞.
Holographic results for d ≥ 4
In this section, following [14] , we compute the excess in charged (Rényi) entanglement entropies at large central charge and in the limit of a small chemical potential. We consider a charged topological black hole in AdS d with d ≥ 4 [21] (see also [22] ). At large central charge, we can compute the 2n-point correlation functions that appear in the the Rényi entropies from holography [14] . More precisely, at large c, the 2n-point function factorizes into a product of the two-point functions that can be approximated by the exponent of the geodesic length computed in the charged topological black hole background (with Σ n at the boundary). Below, we follow [14] very closely and only stress the differences that appear for the charged case. .The purple line corresponds to α → ∞ The metric of the (Euclidean) charged topological black hole in AdS d+1 is given by
In addition, the solution contains a bulk gauge field
that vanishes at the horizon r + . This gives a relation between µ and the charge q
where for simplicity of notation we defined µ 2 d . Once we express the mass m and f (r) in terms of µ 2 d , the temperature can be written as
where β = 2nπR. Then, we have the radius
Putting all together, we can express the mass in terms of n, d and µ
where () stands for the square root in (5.6). Notice that due to the presence of the chemical potential, now m(n = 1) = 0 (for µ 2 d = 0, m(1, 0) = 0 as before [14] ). Analogously to [14] , we can compute the length of the geodesics in metric (5.1) at fixed
The corresponding equations of motion are
where C 1 and C 2 are arbitrary constants. Using the divergence of the derivatives at the turning point r * we can further eliminate one constant, so that the distances between points are 11) and the geodesic length is
We are interested in the late time behavior of the correlation function for which the distances between points become [14] ∆τ
we can then set C 2 2 = −|C 2 | 2 and define
14)
The relevant answer in the late time limit can be extracted by expanding the integrands for large r * as well as keeping the leading term in large β. The length of the geodesic in this limit is given by
Finally, we just have to determine the relation between β and m(n, µ). The algorithm is that we focus on the difference between |∆φ| and ∆τ R by performing the expansion of the two integrals in the inverse of r * and integrating to the leading term in 1/β and also to the first order in the chemical potential. For example in 4 dimensions (d = 3) this leads to the relation 16) and in order for the two expressions on the right hand side to be of the same order, we must have 17) where α 3 is an O(1) number. From that we can fix
with some O(1) constant c 3 , so we can express r * in (5.15) in terms of the relevant parameters. Analogous analysis in d-dimensions yields 19) and the length of the geodesic becomes
The above geodesic gives us the propagator on Σ n in d-dimensions and at large c from holography
This is our main holographic result from which we can now evaluate the correlators in the large c limit. There are two allowed sets of Wick contractions that we can take (see detailed discussion in [12] ) and the change in the n-th CREE becomes
where C (n,d) is some non-universal constant. This is the same form as for the uncharged case but now F (d,n,µ) depends on the chemical potential. Clearly, holographically the effect of a small charge is only seen in the details of the logarithmic growth with time but the coefficient of the logarithm is unchanged. Note however that this answer is based on the expansion in large r * , so that we can perform the very complicated integrals in arbitrary dimension. As we will see in the Appendix D, for d = 2 one gets more analytic control and the expansion is not needed.
Discussion
Here we assumed that the real modular chemical potential is added. In our analysis, ∆S
does not approach to a constant even at the late time (t ≫ l ≫ ǫ). This behavior might be interpreted as follows. We implicitly assume that the modular chemical potential α is very small and β and r * are large. Under this assumption, we evaluate ∆τ , ∆φ and L by expanding with respect to r * and β. On the other hand, the black hole horizon (r + ) depends on the modular chemical potential as in (5.6) because µ ∼ α. Therefore, if α is large, the black hole horizon can be large and geodesics, that compute the correlator holographically, can probably attach to it. Hence, our analysis is expected to break down in the limit of a large modular chemical potential 10 . Therefore, it is possible that ∆S 
Conclusions and future problems
Here, we finish by brief conclusions and outline some future problems. In this work we focused on the excesses of (Rényi) and charged (Rényi) entanglement entropies after excitations by local fermionic operators. We derived the dependence of the coefficient c g of γ t γ 1 on spacetime dimension D (given by (3.6)) and fixed the algebra of the fermionic quasi-particles. The coefficient can be interpreted as follows. For D = 2p (p ∈ Z), fermionic field can be written as a linear combination of fields labeled by eigenvalues of p spins and one of them can be chosen as that of γ t γ 1 . Fermions' propagation depends on the representation of γ t γ 1 and c g depends on the number of p − 1 spins except of γ t γ 1 . Fermions which have the same number of negative eigenvalues contribute equally to probability of the fermionic (anti-)particles to be in A or B. Therefore, the square of a combination matrix appears in c g . If we choose a more complicated subsystem such as x 1 ≥ 0 and x 2 ≥ 0 as the subsystem A, c g is expected to depend on other generators.
We have also considered the excesses of charged (Rényi) entanglement entropy for locally excited states in the free massless fermionic field theory. We found that the late values of ∆S as the amount of quantum information, the results indicate that it 10 The results in this section is expected to be reliable when ǫ t is much greater than the modular chemical potential.
11 However, since we are not certain about the physical interpretation of that behavior, we have added the example to Appendix D. Certainly, understanding of this setup and behavior is one of the important future problems that can help us to explore the new features of charged (Rényi) entanglement entropies.
can be controlled by changing the modular chemical potential. The way of increasing or decreasing depends on the local operator. If we add the large amount of |α| to the reduced density matrix forψψ and ψ † ψ, we can obtain (Rényi) entanglement entropies in a certain charged sector. In D = 4, ∆S c A without the modular chemical potential forψψ is greater than that for ψ † ψ. On the other hand, in the large modular chemical potential limit, that forψψ is smaller than that for ψ † ψ. We have also studied the time evolution of ∆S (n)
A . In the small and large α region we found that it can be interpreted physically. Especially, ∆S (2) ,c A forψψ and ψ † ψ suddenly increases at t = l in the large modular chemical potential limit. They increase and approach a certain constants at the late time. We found that this behavior can be interpreted in terms of quasi-particles.
We also studied ∆S (n)
A and ∆S (n),c A in the D dimensional free massless fermionic field theory with U(N) symmetry with D given by even integer. We analyzed the difference between taking the large N limit and taking the large modular chemical potential limit. In the large N limit, the entanglement in singlet sector is enhanced. After taking the large N limit, the von Neumann limit can not be taken for D > 2. In D = 2, the limit n → 1 can be taken for ∆S (n),c A for Trψψ and Trψ † ψ after taking the large N limit since there is entanglement in the singlet or "quark" sector. On the other hand, in the large α limit, the entanglement in a certain charge sector is enhanced. After taking the large α limit, the von Neumann limit can be taken for any even D.
Finally, we studied ∆S There are many interesting future problems and we list a few below:
• It is interesting to study the dependence of ∆S (n),c A on spacetime when we take different shapes of the subsystem A.
• We have studied time evolution of ∆S • Understanding ∆S (n),c A with more complicated charges or many charges simultaneously (integrable models) is one of the future problems.
• It would also be very interesting to categorize local operators by the properties of ∆S
• It is also an important problem to study ∆S (n),c A in the holographic field theories in higher dimensions for large chemical potential and see if that leads to the constant behaviour at late times.
. We call them dominant Green functions which are listed in Table 11 and 12. If we define 
In the limit ǫ → 0, some of V ab can contribute dominantly and they are listed in Table 11 and 12. 
Propagators for untwisted fields
Here we list up untwisted dominant propagators in D = 6, 8 in Table 13 and 14 after the analytic continuation in (2.19).
B 2d CFT details
To compute above correlation function in section 4, we need the six types of correlation functions Table 15 for three different fermionic operators. The results can be written in the form ∆S
and the explicit expressions for the three examples are in Table 15 .
The charged reduced density matrix ρ c A with pure imaginary entanglement chemical potential α E is define by
where its anti-commutation relationships are given by
Therefore the reduced density matrices ρ p A , ρ bp A and ρ dp A are given by Table 6 . C, D and E are listed up in Table 16 . By using the reduced density matrices in Table 6 and 16, ∆S A , ρ dp,c A are respectively listed up Table 17 . If we take the von Neumann A , ρ dp,c
A .
limit n → 1, ∆S c A for ψ a ,ψψ and ψ † ψ are respectively given by
where the functions F i are given by
),
and ∆S dp,c A respectively correspond to ψ a ,ψψ and ψ † ψ.
Here we consider ∆S Table 18 .
Large N Limit
Here we study ∆S 
(C.6) If we take large N limit for cos 2πα E = 0 and cos 2nπα E = 0, ∆S where n is arbitrary integers. ∆S A , ρ dp,c A in D dimensional spacetime.
If the large N limit is taken for cos 2πα E = 0, ∆S which does not depend on α E , N and n and correspond to the answer for the EPR state.
D Example in AdS 3 /CF T 2
In this appendix we present another example of Rényi entropy with charge that can be treated analytically. In [14] and in the main text above we used holography to compute the 2n-point correlator on Σ n in a CFT at large central charge. More precisely, we used the geodesic approximation in the background of a topological black hole that after identification of the temperature β = 2πn has Σ n at the boundary. In three dimensions, formally, there are no topological black holes but we can simply take the BTZ black hole with the above identification of the inverse temperature and reproduce the large c result on Σ n .
Here we generalize this to the spinning BTZ black hole 12 . The spin in the dual geometry introduces left-right asymmetry in the CFT that lives on a twisted cylinder (we will consider a BTZ black string). After we identify the Hawking temperature appropriately we can again use holography to compute the 2n-point correlator on this twisted Σ n . This computation turns out to be quite subtle and we only present a short summary below and we hope to come back to it elsewhere [26] with natural generalization to higher spin black holes.
Let us start with Lorentzian black hole [23] one can also define left and right temperatures via r ± = π (T + ± T − ). The Euclidean black hole is obtained by analytic continuation to imaginary time and imaginary angular momentum (usual momentum for the black string)
such that we have For real τ E and J E , the quantities ds 2 E , r 2 ± and r + are real and r − is pure imaginary. We then have u = u + = φ + iτ E andū = u − = φ − iτ E that are complex conjugates of each other and similarly T + = T and T − =T . The radial coordinate ranges between r + ≤ r ≤ ∞, and we have the identification . Note also that since r − is pure imaginary the the potential Ω = iΩ E is also purely imaginary. In the following we will consider the BTZ black string which has the same metric but with φ decompactified (no 2π identification on u). Now we generalize the computation of the correlation functions using the topological black hole. Namely we identify β H = 2πn and "naively" compute the correlator holographically using geodesic approximation. For that, we assume that all the analytic continuations as well as the appropriate ranges of Ω are taken. The length of the geodesic between points separated by ∆φ and ∆τ at radial cutoff ǫ uv can be written as [27] L R = log β For Ω → 0 this reduces to the result in [14] . This result can be reproduced from CFT by first considering the ratio of the two-point function on Σ n to the two-point function on Σ 1 More detailed analysis of these interesting behavior deserves further study and we hope to come back to it in the future. Finally we can evaluate the 2n-point correlator using the geodesic approximation and inserting the late time values we have the change in the n-th Rényi (even n) entropy and for Ω = 0 we can take the von-Neumann limit n → 1
∆S
(1)
It is also worth stressing that analysis of the Rényi entropies also breaks down in the extremal limit Ω → 1 which might be an interesting problem to explore in the future also in the context or higher spin black holes.
